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TECENICALNOTE3100

ST&TISTICALSm OFTRANSITION-POINT

m SUPERSONICFLow

By J.C.Eward,M. Tucker,andW. c.

Therandommovementofthetransitionpoint
free-streamMachnumberof3.12wasinvestigated
numberofhigh-speedschlierenphotographs.The

FLUCTUATIONS

Burgess,Jr.

ona 10°coneata
bymeansofa large
distributionfunc-

tionswhichstatisticallydefin~the-tr-&sition-pointlocationwere
l+’

*
determinedfora rangeoftest-sectionReynoldsnwnherandtwolevels
offree-streamturbulenceintensity.Theintensitywasvariedby
~g tmel settling-chamberconfigurations.Temperature-recove~-
factordistributionsweres3.soobtained.

Thesxialextentofthedistributionfunctiondeterminedfromthe
schlierendataincreasedwithturbulencelevel.Thesxialspreadof
thetransitionregiondenotedby-therecovery-factormeasurements
roughlycorrespondedtothatoftheappropriatedistributionfunction.

Thesedatasuggestthata relativelysharptransitionfromlaminar
to turbulentflowtakesplaceandthatthisflowpatternmovesrandomly
alongtheaerodynamicsurface.Withtheuseofthestatisticaldistri-
butionfunctionsobtainedfromthedataandsurfacetemperatures(as
time-averagedby thesurfacethermocouples),theinstantmeoussurface-
temperaturedistributionswerecalculatedfortwoReynoldsnumbers.

moDucTIoN

Transitiononanaerodynamicsurfacereferstothatregionbetween
thelaminarandfullyturbulentregionsoftheboundary-layerflow.
TransitionisaffectedbyReynoldsnumber,I&chnumber,streamturbu-
lence,heattransfer,surfaceroughness,surfacecurvature,andpres-
suregradient.Fortransonicandsupersonicflows,theeffectsofin-
cidentshockwavesmustalsobe considered.
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TheTollmien-Schlichtingtheoryoflaminar-boundary-layerstability
(ref.1) as extendedby LeesandLin(seerefs.2 and3)hasbeenpro-
posedasa mechanismleadingeventuallyto theonsetoftransition,
providedthatthestreamturbulenceis sufficientlylow. Ina flow
fieldforwhichthestream-turbulenceintensityisbelowabout0.1per-
cent,verysmalldisturbancesthatarealwayspresentina laminar
boundsrylayerwillbe selectivelyamplifiedaccordingtofrequency,
iftheflowReynoldsnuniberis sufficientlyhigh,untillargeoscil-
lationsaredeveloped.Theselargeoscillations,whichcannotbe
treatedby thelinearizedtheory,l:adtobreakdownofthelaminar
flowandtotransition.Forturbulenceintensitiesgreaterthanfrom
0.5to1.0percentinlow-speedflows,theTollmien-Schl.ichtingwaves
presumablyplaya minorrolecomparedwiththatoflocaladversepres-
suregradientsassociatedwiththestreamturbulenceinpromoting
transition- a theoryadvancedby G.I.Taylor(ref.4)whereinboth
intensityandscaleofturbulenceareconsidered.

Theactualsequenceofeventsinthetransitionprocessstarting
frombreakdownofthelaminarflowandculminatinginestablishment
offullyturbulentflowisnotyetIamwn.HughL.Drydenhasmade
thetentativesuggestionthattransitiotiisalwaysinitiatedby a
separatedboundarylayerandthatthesepsxationmaybe intermittent
andlocal.in character.Thisseparationcouldresultfromeitherthe
To13mien-Schlichtingwavesorthelocaladversepressuregradients
suggestedby Taylor.A plausibletransitionsequencewouldthusbe
thattheseparatedboundarylayerrollsup intodiscretevorticesof
scaleccmrparabletothethicknessofthelayer.Thesevorticesbreak
up anddiffuserapidlytoformturbulentflow,as intheinvestigation
ofmixedperiodic-turbulentphenomenareportedinreference5. Such
considerationsmightleadoneto expecta fairlyrapidchamgefrom
1aminarto turbulentflowand,inviewoftheintermittentandlocal
natureoftheseparatedboundary-layerformation,a randomlongitudinal
movementofthetransition-pointlocation.An alternativeviewis sug-
gestedbyEmmonsandBrysoninreferences6 and7,whereintransition
istreatedasa randomprocessbypostulatingthesuddenandrandom
appearanceintheflowfieldofturbulent“spots.”Theseturbulent
spotsor sourcesgrowwithtimeandeventuallyjointo forma fully
turbulentregion.

Theexperimentaldistributionsofrecoveryfactor(refs.8 and9)
andlocalskin-frictioncoefficient(ref.10)seeminglyimplythatthe
changefromlaminarto turbulentflowisa gradualone. Ontheother
hand,high-speedschlierenphotographsobtainedinwindtunnels(about
1 microsecexposure)ofboundary-layerdevelopmentin supersonicflow
suggestthatthetransitionprocessmusttakeplaceveryquickly.”

—.. —— ——
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Theapparentconflictbetweenthesharplydefinedtransitimpoint
observedon schMerenphotographsandtherelativelybroadtransition
regionobtainedinmeasurementsoftime-averagedquantitiessuchasre-
coveryfactormaybe resolvedby consideringthatthetransition-point
locationmayfluctuatewithtime.Experimentalevidenceisincluded
inreferencesIll_to13whichdemonstratesthatsuchfluctuationsdo
occuronmodelstestedin supersonicwindtunnels.

Inorderto explorethisquestioningreaterdetail,a studyof
transitionona thin-walledstainless-steel10°coneata streamMach
numberof3.12wasmadewithbothschlierenandsurface-temperature
measurementtechiques.Thestatisticaldistributionoftransition-
pointlocationwasdeterminedbymeansofa uniformlytimedseriesof
high-speedschlierenphotographs.Temperaturedistributionswereob-
tainedconcurrentlyfromsurfacethermocouplesmountedalonga rayof
thessmecone.Themeasuredsurfacetemperaturesandstatisticaldis-
tributionfunctionswereutilizedto calculatetheshapeof a hypothe-
sizedinstantaneoussurface-temperatiedistribution.Theseinvestiga-
tions,whichwerelimitedto studiesoftheeffectsofReynoldsnumber
andstreamturbulence,wereconductedattheNACALewislaborato~
duringthespringandsummerof1953.

APPARATUSANDPROCEDURE

FourtestswereconductedintheLewis1-by l-footsupersonic
windtunnel,whichisa continuous-flow,nonreturn,variable-pressure
tunneloperatingata Machnumberof3.12withthespecifichumidity
sufficientlylow(about4XL0-5lb ofwater/lbofdryairthroughout
mostofanygivenrun)tominimizecondensationeffects.Twocylin-
dricalsettling-chamberconfigurationswereusedtovarythestresm-
turbulencelevel.

Intheoriginaltunnelconfiguration(designatedA),theflowen-
teredpsralleltothesettling-chsmbersxis,whichwastransverseto
thetunnel-nozzlesxis.A screenhavinga pressuredropof 8q (where
q designateslocslstreamdynamicpressure)waslocatedintheset-
tlingchamber,anda screenwithpressuredropof 2q wasplacedat
theexitofthesettlingchamber.Measurementsofthelongitudinal
turbulenceintensityweremadeattheMachnuuiber0.12stationupstream
ofthethroatwitha hot-wireprobeemployingtungstenwire0.0002inch
indiameterand0.080inchlong.An intensityof9.4percentwasob-
tainedfortest1. BecauseconfigurationA resultedina highturbu-
lencelevel,the.5ettlingchamberwasreplaced.Intherevisedt~el
configuration(B),theentrance-airdirectionandsettling-chamberaxis
wereparalleltothenozzleaxisinorderto achievea straight-through
flow.Fourdampingscreenshavingan over-all.pressuredropof 10q
wereplacedinthesettlingchamber.A honeycombwasalsoinstalled
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upstresmofthescreens.ForconfigurationB,measurementsofthelon-
gitudinalturbulenceintensitywerealsomadeattheMachnumber0.12
station,yieldingintensitiesof1.0,0.75,and0.5percentatthe
pressurelevelsfortests2,3,and4, respectively(seetableI).
Inasmuchasthesamenozzleblockswereusedforbothtunnelconfigura-
tions,theupstreamturbulenceintensitiescouldbe usedasa measure
ofthetest-sectionturbulencelevel.Readingsoftheapparentinten-
sitywerealsotakeninthetestsectionforconfigurationB. These
intensitieswere3.5percentfortest2 and1.0percentfortests3
and4. Theapparentintensitiesshouldbe regardedas qualitative.
Measurementsofa preliminarynaturerevealedthepresenceofa peak
intheenergy-spectrumcue belowabout40 cyclespersecondforboth
configurations.Thefrequencyrangeofthepeaksuggeststhatthein-
dicatedturbulenceintensitiesincludetheeffectsofstreamdisturb-
ancesotherthanturbulencewhichcouldarisefromtunnelpipingreso-
nancesorfromthecompressorsystem.Thattheamplitudeofthepeak
wasmuchlower,howwer,forconfigurationB, reflectsthegreater
effectivenessofthedamping-screenarrangement.Operatingconditions
forthevarioustestsaresummarizedintableI.

Themes conedescribedinreference8 wasavailablefortest1
only. TheLewiscone,whichwasusedasthetestmodelfortests2
to4, is similartotheAmesconeinregardto includedangle,10°;
wallthickness,0.032inch;material,18-8stainless-steelalloy;and
surfacefinish(maximumroughnesslessthan15microin.);butit is

l+ incheslonginsteadof15 inches,andtheinternaldimensions

differsomewhatneartheapex,as showninfigure1. Thetwocones
alsodifferinthenumberandspacingoftheconstantanthermocouple
tiressolderedintoholesintheshell.It isbelievedthatresults
obtainedfrm eitherconearecanparable.Uuderequilibriumcondi-
tions,thesurfaceofthesemodelscloselysimulatestheidealadia-
baticsurface,inviewofthestagnantairintheconeinteriorand
ofthethinwallsandrelativelypoorconductivityofstainlesssteel..

A singlestainless-steelwireconnectedto thebaseofthecone
completesthethermocouplecircuitforeachcone.Althoughtheinstru-
mentsusedwiththethermocoupleshaveaccuraciesofA0.25°F, repeat-
abilityoftemperaturemeasurementsduringa temperaturesurveywas
probablyk0.5°F becauseofgradualchangesintunnelstagnationtem-
perature.The~ge in stagnationtemperatureduringtheschlieren
observationstobe describedwasabout3°F.

Figure2 showsa typicalspark-schlierenphotographofthecone
boundarylayertakenatan exposureofabout1 microsecond.Thepoint
atwhichtheboundary-layerflowfirstappearsto changefromlaminar
to turbulentflowisindicatedasthetransitionpoint.Thelocation
ofthetransitionpointwasobtainedfrommanyhigh-speedschlieren
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photographstakenatapproxhatelyuniformintervalsof20 seconds.The
* numbersofphotographsusedfortests1 to4 were183,367,272,and

595,respectively.Thesenumbersweredictatedby operational
limitations.-m

RESULTSANDDISCUSSION

CAom
CD

StatisticalResults

Theschlierenobsemationsofthetransition-pointlocationwere
arrangedintheorderofincreasingdistancesfromtheconeapexand
numbered.Thetotalnumberoftimestransitionoccurredupstreamof
a givenpoint x ontheconewasthusobtained.Divisionofthis
numberby thetotalnumberofcasesyieldstheproportionofthettie
forwhichtransitionoccursupstreamofa specifiedpoint.Thisfunc-
tion G(x)isknownasthestatisticaldistributionfunctionpertaining
tothatlocation(ref.14). A secondstatisticalqtitity,theproba-
bilitydensityg(~),maybe defined.Thefunctiong(~)dqrepresents
thefractionofthetimethatthetransitionpointislocatedbetween
v andq+dq. Therelationbetweenthetwofunctionsisgivenby.

G(x)=
r

d?) d?

(Alistof symbolsusedwillbe foundinappendixA.)

Thestatisticaldistributionfunctionsobtainedfortests1 to4
areshownby theindividualpointsinfigure3. Itisofinterestto
comparethesewiththenormal,orGaussian,distributionfunctions

●

J’xe-(q-w)2h2~q‘(x)‘* -m
.

where p isthearithmeticmeanand h istheprecisionmeasure.The
precisionmeasureh andthestandarddeviationu arerelatedas
2h2a2= 1. Thearithmeticmeansoftheexpertientaldistributionsare
obtainedfromthediscreteanalogoftherelation

.

—.— . .—.—.— ——-—— .—— ~ —--— — ——— –- .—
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where g(~)= O when
precisionmeasuresare

NACATN

q<u ~dwhen q>f3(seeappend&B). The
thensimilarlyobtainedfrm therelation

ThePhYSiCdmeaningofthearithmeticmeaniswe12known.Thelarger
theslopeofthecentrslportionofthedistributionfunction,the
largertheprecisionmeasure.ThequantitiesI.Land h forthe
varioustestssrelistedintableI. Thenormal,orGaussian,dis-
tributionfunctionscorrespondingtotheselistedvsluesof v and
h me plottedasthesolidcurvesinfigure3. Theexperimental
distributionfunctionsfortests3 and4 appearedtofitsoclosely
tothenormalformthatthevaluesof v and h obtainedfromthe
datafortheseparticulartestswereadjustedforbestfittothe
normalby theleast-squsrestechniquedescribedinappendixB. These
adjustedvaluesare p = 9.93,h = 1.336and v = 8.02,h = 1.250for
tests3 and4, respectively.

Theeffectofloweredstreamturbulenceinreducingthewidthof
thetransitionzone(a<q<~) is quiteapparentfrcmfigure3(a),
whichshowsthedistributionfunctionsobtainedwiththehigh-andlow-
turbulence-levelsettlingchaaibersat constanttest-sectionReynolds
nuniber.Bothdistributionsextendupstreamfromessentiallythesame

location- aboutl.$inchesfromtheapex.Theeffectofincreasing
thestream-turbulencelevelinthesetestswasto increasetheproba-
bilitythattheinstantaneoustransitionpoint(inthesenseoffig.2)

wouldbe foundfartherupstreamofthell~inchstation.Thus,it
-wouldappearthatthefarthestdownstreampositionatwhichan instan-
taneoustransitionis observedisleastsensitiveto stream-turbulence
levelandpresumablyrepresentsto firstorderthetransition-point
locationforminimuminstantaneousstreamturbulence.A transition
Reynoldsnumberusingas characteristiclengththedistancefarthest
downstreamfromtheapexatwhichaninstantaneoustrsmsitionis ob-
servedmightapproximatetheReynoldsnumberoftransitionforfree
flight. Sucha speculationwouldrequireadditionalexperimental
verification.

Thedistributionfunctionsobtainedwiththelow-turbulenceset-
tlingchamber(configuration)areshowninfigure3(b).Theprimary
effectofchangingthetest-sectionReynoldsnmiberistotranslate
ratherthanto spreadoutthedistributionfunctions.Thechangesin
precisionmeasureh listedforthesetestsintableI donotindicate
smyconsistenttrendwitheitherReynoldsnumberorturbulencelevel.
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Thecloseapproximationofthedistributionfunctionsoftests3
ahd4 tothenormaldistributionhasalreadybeenmentioned.Thede-
partureofthetest1 distributionfunctionfromthenormalformwauld
indicatethatthetransitionprocess,althoughrandom,isbeinginflu-
encedby somenonrandcmdisturbances.Suchdisturbancescouldverywell
stemfromthetunnelpipingresonancesandfromthecompressorsystem
mentionedin connectionwithspectrummeasurements.Also.withthe
largeextensionof
turbulencelevels,
thechangeofbody

thetransitionzoneoccurringathigh~ree-stream
anythree-dimensionalmodeleffectsstemmingfrom
radiuswithaxialdistancewouldbe accentuated.

Recovery-FactorDistributions

Temperature-recovery-factordistributionsobtainedareshownin
figures4 and5. Thereadingsofthefarthestdownstreamthermocouple
oneachofthetwoconesarebe~evedtobe influencedby heattransfer
fromthemountingstrutandthereforeshouldnotbe considered.The
largedeviationfromthefairedlineoftherecoveryfactorsobtained
intest1 at stations~, 5, 7,andE$inchesfromtheconeapex

(fig.4) areattributedtomalfunctioningofthecorrespondingthermo-
couples,inasmuchasthispatternwasalsoobtainedat otherReynolds
numberswiththesameinstallation.

c

t Figure4 comparestheeffectofdifferentstream-turbulencelevels
(asindicatedby theapparentrmsintensityofthelongitudinalvelocity. fluctuations)uponthedistributionofrecoveryfactorforconstant
test-sectionReynoldsnumber,thechangeinturbulencelevelbeing
accomplishedby changingsettling-chamberconfigurations.Figure5
comparestheeffectoftest-sectionReynoldsnuder uponrecovery-
factordistributionfora fixedsettling-chamberconfiguration(con-
figurationB) andpresumablyfixedturbulencelevel.Actuslly,as
maybe seenfromtable1,operationofthecompressorsystematdif-
ferentpressurelevelscausessanechangeintheturbulencelevel..

Withinthelimitsofexperimentalaccuracy,itappearsthat
changingtheturbulencelevelortest-sectionReynoldsnumberhas
little,ifany,effectuponthevaluesofeitherthepeakorturbulent
recoveryfactor.Theeffectofloweringtheturbulencelevelisto
intensifytherateatwhichtherecoveryfactorreachesitsmaximum
value(fig.4)andtherebyto increasethetransitionReynoldsnuder
definedas inreference8 (indicatedschematicallyinfig.6)from
about1.4xI.06to 3.2x106.Thenominaltransitionregionisthus.. broaderforthehigh-thanforthelow-turbulence-levelstreamand
correspondscloselytothetrendobservedonthestatisticaldistri-
butionfunctions.Inviewoftheearlierdiscussionit canreadily.
be seenthatthetran-sitionReynoldsnumberdefinedinreference

-——- .——. .—— -—-.. ..—.—z —
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8,whichisweightedtowardstheupstresmpointofthedistribution
function,wouldbe verysensitiveto changesin streamturbulence.
Theeffectofincreasingthetest-sectionReynoldsnuniberhasbeen
totranslatetherecovery-factordistributioncurve(fig.5)towards
theapexofthecone.Fortests3 smd4, thetransitionReynolds
numberasdefinedinreference8 r~ed constantat3.2x106;for
test2,thisReynoldsnumberwas2.8x106.

A studyoftheschkl.erenphotographsindicatedthat,fortests2
to4, compression-expansionwavesystemsintersectedtheconeat sta-
tions ~, 10,andI-2inchesfromtheapex.Theresultsofa brief
investigationto deteradaetheeffectsofa compression-expansion
wavesystemontherecovery-factordistributionareshowninfigure7.
Cellophane-tapestrips0.0025-and0.005-inchthickand0.75-inchwide
placedonthetunnelwallgeneratedthedisturbancethat,onthebasis
of schlierenobsemations,wasclearlyofgreaterstrengththanthe
wavesystems.sheadypresentintheflow. Theresultsindicatethat
waves(generatedby 0.005-in.-thicktape)intersectingtheconeinthe
transitionregiondonot~eatlyaltertherecovery-factordistribution;
whereas,upstresmdisturbancesevenof~owerstrengthtendtomovethe
transitionregionforward.Thus,itwouldappearthattherecovery-
factordistributionsoftests3 and4 werelessinfluencedthanthat
oftest2 by thewaveintersections.Presumablya similarconclusion
wouldapplyto thecorrespondingdistributionfunctions.

@tantaneousTemperature-RecoveryFactors

Thetemperature-recovery-factordistributionsofreferences8 and
9 aswellasthosejustpresentedaretime-averaged.Therelationof
thestatisticaldistributionfunctionsandthetime-averagedrecovery
factorsmaybe determinedbymeansofa simplehypothesis.Forclarity,
referencewillbemadetotemperatureratherthanto recoveryfactor.

An imtantaneoustemperaturedistributionthatmoveswiththe
transition-pointlocationandisUnaffectedlytranslationofthe
transitionpointispostulated.Ther=dammovementofthetransi-
tionpointis specifiedbya statistical.distributionfunctionG(x)
or,equivalently,a probabilitydensityfunctiong(q).Thus,when
thetransitionpointislocatedata distanceq fromtheconeapex,
a thermocoupleata distancex fromtheapexis subjectedtothe
instantaneoustemperaturee(x- V)for g(q)dq percentageofthe
time.Thefunctione(x. n),= Showninappe-B, hasitsmaximum
vslueatx-q=O. ~ ~er ti positionsofthetransition-
pointlocationgivesthetime-averagedtemperatureatthethermocouple:

,.
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Intheformulationof

T(x) =1‘9(X- ?)fdll)d~

.

equation(1)thefunctione(x- ~)immediately
upstresmoftheobsemsdtransiti&pointneednot-bethelaminar -
value.Ifthelaminarvalueofthesurfacetenmeratureis subtracted
frombothmembersofequation(1),thereresult;

where T(x)=~(x)- ~(x) and es e(x- q) - eL(x).Bya shilar
technique,equation(1)maybe convertedtorecoveryfactorsgiving

(1}

(2)

(3)

where 7 isthetime-awragedrecoveryfactorand rI istheinstan-
taneousrecoveryfactor.

Theiterationprocedureusedto obtain‘3(x- V)when T(x)and
g(~) are Imown is describedinappendixB. Thetemperature~ was
takenasthetemperatureindicatedby thethermocouplenearestthe
coneapex,andtheinstantaneoustemperaturedistributions@(x - ~)
wereobtainedfortests3 and4. Thesixth-iterationdistributions
convertedtotemperature-recoveryfactorareshowninfigure8. For
tests3 and4,themaximumdeviationsinthederivedmeantemperatures
obtainedfromthe ~-distributionsoffigure8 andtheappropriate
probabiUtydensitiesare0.300F at x = - 2.0and0.580F at
x. - 0.5. The deviationsat otherpointsareforthemostpart
O.1°F orless.

Eventhough,inprinciple,equation(1)hasa uniquesolutionfor
O(x),many @ distributimscanbefoundwhich,witha givenproba-
bilitydensitydistributicmg(~)jwillyielda the-averagedtempera-
turedistributionT(x)withintheaccuracyofthetemperaturemeasure-
ments.ThesealternativeVsJ.uesof @ oscillateabouta meancurve
thatcloselyconformEtothecorresponding0-distributionoffigure8.
Thus,thepreciseformof @ cannotbe inferredwithoutgreateraccu-
racyoftheexperimentaldata.

. .–..— .-—z— -._____ —.-—— .-. —...———___
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Theinstantaneousrecovery-factordistributionsretainthegeneral
characteristicsofthemeandistributionsbutshowa steeperriseand
higherpeakrecoveryfactor.Ina time-dependentflow,themixingto
be expectedfrmnlarge-eddyconvective-typetransfercoulddisturbthe
proportionofheatandmomentumtransferandleadto anincreasein
recoveryfactor.Thesubsequentlevellir4goffof recovery factorto
thevslueappropriateforfullyturbulentflowsuggeststhephysical
pictureoflargeeddiesdiffusingrapidlytoforma turbulentflow.

Itwillbe recalledthatinthederivationofequation(1)the
assumptionwasmadethattheinstantaneousdistributionienotaffected
by itspositionandrateofchsmgeofmovementthroughtheregionof
developingboundarylayer.Thedifferencesbetweenthetwoinstanta-
neousdistributionsshowninfigure8 suggestthata moreprecise
analysismightincludesomescalingfactorto accountfora Reynolds
numbereffect.Suchananalysiswouldrequireconsiderablymoreex-
perimentaldata.

Rumonshasproposedtheconcept(ref.6)thattransitiononan
aerodynamicsurfaceresultsfromtherandcmappearanceofturbulent
sourcesthat~ow andeventuallyjointoforma fullyturbulentre-
gion.Sucha transitionprocesswouldbe expectedtoproducemany
examplesofturbulentflowfolloweddownstreamby leminarflow. The
dataofthepresentpapersuggestthatthereisa relativelysharp
changefromlsminartoturbulentflowwithpredominantlyturbulent
flowdownstream.Theoccurrenceinthefreestresmofeddieswhose
scaleislargecompsredwiththeboundary-layerthiclmesswouldfavor
theprobabilityofobservingturbulentflowdownstreamofthetransi-
tionpoint;thepresenceofpredominantlysmall-scaleeddieswould,on
theotherhand,increasetheprobabilityofobserrl.ngmultipletransi-
tionpoints.

A studyoftheschlierenphotographsfromtest3 indicatesthat
about2 percentoftheca$es(6picturesin272)show,asinfigure9,
theobviouspresenceofmorethanonetransitionpoint.Thus,while
thegrowthofturbulentspotsthatweresoevidentonEmmons~water-
tableexperimentsisnotprecluded,theevidencefromtheschlieren
photographsindicatesthatsucha transitionmechanismdidnotpre-
dominatehere.A possibleinferencewouldbe thatthescaleofeddies
inthetunnelairstresmwaslargecomparedwiththebouudary-layer
thiclmess.

A rapidlyfluctuatingtransitionpointfolloweddownstreamby
turbulentflowwouldexplaininpart,asdoesalsothegrowthof
turbulentspots,theapparentburstsofturbulenceindicatedby a
hot-wireprobelocatedinthetransitionzone.It shouldbe recog-
nized,however,thatthehot-wireprobewouldalsorecordtheinflu-
enceofrelativelylarge-scaleeddiesthatareexpectedtoformat
transition.

—
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CONCLUDINGREMARKS

8
u)
co

o

Theexperimentald_ydeterminedstatisticaldistributionfunctions
definingthetransition-pointlocationaremarkedlyeffectedby stream-
turbulencelevel,theiraxialextentbeingbroadforhighturbulence
andnarrowforlowturbulence.Thedatasuggestthatthetransition-
pointlocationforconditionsofminhuminstantaneousstreamturbulence
wouldcorrespondcloselytothefarthestobservabledownstreampointon
a distributionfunctionobtainedina turbulentstream.l!heaxial
spreadofthetransitionregionindicatedby measurementoflocal
recovery-factordistributions,ingeneral,correspondsto thatofthe
distributionfunction.Itwouldappearthattheprhnaryeffectof
changingtest-sectionReynoldsnumberisto translateratherthanto
spreadoutorto sharpentherecovery-factor~distributioncurves.

Thedatasuggesta simpleconceptwhereintheflowispostulated
to changesharplyfromlaminarto turbulentflow,thisinstantaneous
flowfieldmovingrandomlyinthelongitudinaldirectionaboutan
aerodynamicsurface.Themeasuredrecoveryfactorsanddistribution
functionswereutilizedto calculatethehypothesizedinstantaneous
recovery-factordistributionforseveralReynoldsnumbers.An ex-
tensionofthepresentinvestigationto includeeffectsofMachnumber
upontransitionappearswarranted.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,November2,1953

-– ———. .—— .-— ——. .——.
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APPENDIXA ‘

SYMBOLS

The folJowingsymbolsareused:

distributionfunctionof x;probabilitythat xl<T_I~x2is

T2
givenby G(x2)- G(x1)s g(q)dq

xl

probabilitydensityof q

precisionmeasureofdistributionfunctionrelatedto standard
1deviationas — definedbyeq.(Bll)

h~

totalnumberofobservations

localstresmdynamicpressure

time-averaged

instantaneous

time-averaged

time-averaged
temperature

temperature-rec~eryfactor

temperature-recoveryfactor

surfacetemperature

surface-temperatureincrementabovelaminar

positionvariable

upstresmlimitof

measuredfromconeapexalonga ray

transition-pointmovement,g(~)= O for q<u

downstreamlimitoftransition-pointmovement,
ll>p

incrementinfunctionvaluebetweensuccessive

definedbyeq.(B12)

g(v)=o for

approximations

definedinappendixB inconnectionwitheq.(B15)

variablespecifyinglocationfromconeapexofinstantaneous
transitionpoint

com
%’

.
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e instantaneoussurfacetemperature

o instantaneoussurface-temperatureincrementabovelaminar
temperature

P arithmeticmeanasdefinedineq.(B1O]

Subscripts:

L laminar

n orderofapproQmationasusedinappendixB

13

.

—. ._. .._ ——— . ..
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APPENDIXB .
.

-MATICAL PROCEDURES
.

By HugoHeermann

FittingofDistributionFunctions

Inordertofinda solutionoftheintegralequation

(Bl)

it isnecesssrytoprocessthedatain suchaway thattheprobability
densityg(q)assumesa satisfactorymathematicalform. Thedifficult-
ies involvedandthemeansof overcomingthemareexplainedherein.

At p distinctpointsxl,X2,X3>. . .~ tr_itiOnwasob-
servedto occurnl,n2,. . .~ times,respectively.Thus,each
ni~ 1. Thetotalnumberofttiestransitionwasobservedto occur
is IV,where

P
N= x ni

i.1

A functionG(x)isdefinedforeach x = xk(k= 1,2,3,. . .p) by
meansoftherelation

i=k

(B2)

(B3)

G(x)isa stepfunctionthatconsistsof stepsoftheheightsg(~),
where

q ‘g(q)
at thej~ points~. Fromequation(B3),with ~ = g(xi),it
followsthat
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G(xk)=2+) (B4)

or

~m
CD

When G(x)isdifferentiable,
and(B5)sre

and

i=l

- G(xk_l)= dxk) (B5)

thecontinuousanalogsof equations(B4)

JP
G(x) = g(v)dv

a

SK!M
&

= g(x)

(B6)

(B7)

However,sinceG(x)isa stepfunction,thedifficultiesinvolvedin
evaluatingg(x)by equation(B7)areevident.Consequently,some
otherprocedurehadtobe devised.

AfterthediscontinuousdistributionfunctionG(x)fortests3
and4 wasplotted,itwasobservedthatthesedistributionsappeared
tobe nearlynormal.Thismeansthatforanappropriatechoiceofthe
parametersv and h, G(x)canbe approximatedby

(B8)

Thus,if G(x)couldbeputintheform(B8),itcouldbe hmediately
inferredthat

-h2(x-~)2 ,
‘(x)”:e

(B9)

Thedecisionthatthedifferentiabledistributionfunctionthat
bestfitsthedataisa normaldistributionmeansthatsomeprocedure
mustbe evolvedforevaluatingtheparametersv and h. Whenthere
isa verylargenumberofobservations,theseparametersareusually
obtainedfrm therelations

. —— —— —— ..—— . —._.—
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fordiscontinuousprobability
densityfunctions

(B1O)

forcontinuousprobabilitydensity

functionsg(x)forwhich r“ g(q)d~ = 1
J-.

f+.z(xi -l-d2dxf)
=-a

= 1fordiscontinuousprobability
~2 densityfunctions

(Bll)

. J’ J‘%-P)2g(v)dv forcontinuousprobabilitydensity

-m

f

+W
functionsforwhich g(?)d~ ‘1

~.

Inviewofthestatisticallysmallsamplesinvolvedintests3
4, itwasthoughtthatthe v and h obtainedfromequations(B1O)
(Bll)mightnotbe satisfactory.Itwasthereforedecidedto choose

perimentalG(x)inthesenseofleastsquaresin
Thus,if

approximatetheex-

theobservedrange.
.

~,,,h, ,j’g~,x)_~~xe+-~)2h2d]2(B12)

then p and h aretobe foundsothat &(w,h)isa minimum.This
leadstothetwoequations
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(B14)

Whenthevsl.uesof v and h predictedby equations(B1O)and(Bll)
areusedasinitialappro-tions,equations(B13)and(B14)are
solvedwithuseoffinitesummationsbyNewtonrsme~hcd(ref.15).
With v and h determinedinthismanner,a satisfactoryformfor
theprobabilitydensityis obtainedthroughuseofequation(B9).

SolutionofIntegralEquation

Theproblemisto finda functionO(x)thatsatisfiestheintegral
equationofthefirstkindwithfixedlimits;

In ordertoobtainthephysicalsignificanceof G, as impliedinthe
text,theargumentmustbe replacedby x - q. Ifit isassumedthat
forthegivennumericaldatathereexistsa continuousfunction@(x)
whichsatisfiesthisequation,thenby themean-valuetheoremthere
existsa function~(x]forwhich u<~(x)c~,sothat

or,since

then

where

(B15)

(B16)

..— .— —- ——
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When h isverylarge,muchmorecanbe
tions(1.18.1)and(1.16.4)ofreference

r-

NACATN 3100

saidabout ~(x}.Fromequa-
16 it canbe shownthat

IId+ / T(x+v-,)e-h2@~)2dq ‘T(x)

‘-L’RL -l
Whenequation(Bl)isrewrittenintheform

-r h’(q-~)’dq=T(x)
k

@(x- q)e-

Qm0m

ccnnparisonofthese
iti-dapproximation

Ua

equationsindicatesthat,forlargeh, a goodin-
tothesolutionofequation(Bl)is

GO(x)=T(x+ p) (B17)

Thus,when h isverylarge,~(x)= p. By experimentitwasfoundthat,
evenwhen h isnotlarge,(B17)stillfurnishesa reasonableapprox3.-
mationtothesolutionof (Bl).Infact,themsximumvalueof

Ir P
T(x) - fao(x

I ti
occurredat x= p,andforincreasing
thedifferencegivenbyequation(B18)

- n)d~)d? (B18) “

valuesof x lsxgerthan p,
decreasesandfinallybecomes

zero.A similarremarkapplieswhen x< v andfordecreasingvalues
of x. Thus,themsximumerrorsinvolvedinassuming@o(X)= T(x+ P)
tobe a solutionoccurredina neighborhoodofthepoint x = 0,as in
thefollowingsketch:

G(x)

@ v x

Inorderto improveontheinitialapproximation(B17),suppose
that $l(x)isa solutionof (Bl),andlet

.

—.—— .—. ..__— _____
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Ol(x)= @o(x) + A(+)

dL -
By themean-valuetheorem,

where a<~l(x)<j3.From(B18)itfollowsthatthemaximumvalueof

~ Iq[x- cl(x~l

s- occursat x = p. Thissuggeststhechoice

~ cl(x)‘P

sothat

willbe largestwhen x = p.

A methodof successiveapproximationsdefinedinaccordancewith
thefollowingistherebyindicated:

@o(x)= T(x+I.L)
.

@l(x)=@O(x)+%(X);

. . . . . . . . . . .

. . . . . . . . . . .

en+~(x)= On(x)+ AJx)

J’0%(x - p) = T(x) - t+)(X - q)g(~)dq

. . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . .

. -. .—. _.—.
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If On(x)tendsuniformlyin --<x< += toa limittl(x)

@(x)= Ii.m@n(x)
n+

then @(x)willsatisfyequation(Bl).

Inthecomputationstheintegrationstepsizewastakenas 0.25
inch.Thespacingofthethermocouplebeing0.5inch,a smalderstep
sizewasnotconsideredwsrranted.
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TABLE 1. - OPERATING CONDITIONS ME D18TRlBUI’10~-FUNCTIONP~

config- Ted stagna- Stagna- Teat-aectlon Indicatedlongitudinal Distribution-
uration number tion tion Reynolds turbulence intemaity function parameters

pre5sure, tempera- nwnber per
lb/sq in. ture,

Mch number
foot

Test Arithmetic Precision
0.12 station, section,

abB ‘?F
measure,

percent percent (e~~il~))
(eq. ~Bll))

A 1 28.55 43.9 4.8%06 9.4 --- 7.55 0.434

B 2 17.67 44.0 3.ono6 1.0 3.5 13.46 0.822
3 29.01 46.0 4.8 .75 1.0 9.96 1.261
4 40.EL 48.8 6.6 .5 1.0 8.02 1.200

..
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Figure 2. - TxPI.calM@-epeei sohliemnphotwmpb showlw canelmdu Mm ml aprmmt trmsitim-
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